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A Stable Model-Based Fuzzy Predictive Control
Based on Fuzzy Dynamic Programming

Khaled Belarbi and Fayçal Megri

Abstract—A stable model based fuzzy predictive controller
based on fuzzy dynamic programming is introduced. The objec-
tive of the fuzzy predictive controller is to drive the state of the
system to a terminal region where a local stabilizing controller is
invoked, leading to a dual mode strategy. The prediction horizon is
fixed and specified. The stability of the controlled system is studied
using the value function as a Lyapunov function. Guaranteed
stability is obtained under conditions on the terminal region, the
local control law and the membership functions of fuzzy goal and
constraints therein. The solution procedure is based on dynamic
programming with branch and bound.

Index Terms—Dynamic programming, fuzzy constraints, fuzzy
goals, nonlinear systems, predictive control.

I. INTRODUCTION

MODEL-BASED predictive control (MBPC) a popular
control algorithm, is based on the use of a model for

predicting the future behavior of the system over a finite future
horizon. The control signal to be applied to the plant at the
current sampling time is obtained by solving a finite dimension
optimization problem over the prediction horizon. One of the
main reasons of the success of the method is that it handles
explicitly the constraints on the state and control variables. The
solution of the optimization problem depends greatly on the
nature of the model and constraints. If the model is linear and
there are no constraints, an analytic solution is obtained [3]
whereas in the presence of constraints, the problem is cast as a
quadratic problem for which efficient solution algorithms exist
[12]. However, when the model is nonlinear with or without
constraints, the optimization problem becomes non convex
and the solution procedures become more laborious and time
consuming [14]. Moreover, in some instances, only a feasible,
stable solution may be sought [21].

There have been some propositions for exploiting the proper-
ties of fuzzy logic in the framework of model based predictive
control. Two general classes of approaches can be identified.
In the first class, developed for nonlinear systems where no first
principles model is available, a Takagi–Sugeno (TS) fuzzy infer-
ence system is used as prediction model. The TS fuzzy inference
systems may be used to merge local linear models, producing an
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overall linear time variant predictive model which is used to de-
rive the control law in linear MBPC or local linear model based
predictive controllers are be computed for each rule and then are
merged to produce the overall controller. In these cases, a linear
time variant predictive controller is obtained. More specifically
these approaches were studied in [4] and [19] for the case of
monovariable input output linear models without constraints, in
[17] for input output multivariable model with constraints and in
[18] for linear state space models without constraints. In [20], a
nonlinear input output multivariable TS model with constraints
is considered and a branch and bound algorithm used for the so-
lution. In these approaches, the basic setting, computations and
properties of MBPC are maintained and only the model is fuzzy,
leading to fuzzy MPC.

The second class of methods is based on the multistage fuzzy
decision making introduced in [1]. In these methods, close to
the so-called fuzzy optimal control [7], [8], the model of the
system may be fuzzy or non fuzzy although the latter case is
more often studied, but the control objectives and constraints are
fuzzy, leading to the terminology of fuzzy goals and fuzzy con-
straints. The predictive control problem is formulated as finding
the confluence of fuzzy constraints and fuzzy goals over a fu-
ture finite horizon, leading to model based fuzzy predictive con-
troller [11], [23], [25]. The methodology has been analyzed in
[5], [10] and [23], an interesting real time application of the con-
cepts has been reported in [24] and solution procedures have
been studied in [15], [22]. In these cases however, stability has
not been an issue, and heuristic control has been the main trend.

On the other hand, stability results have been derived for the
general case of constrained nonlinear MBPC. To this end, the
original MBPC problem is modified to include the so called sta-
bility constraints. In most cases, these are penalties added to the
cost function at the end of the prediction horizon and/or con-
straints on the state at the end of the prediction horizon [2],
[13], [14], [21]. In the case where model predictive control is
employed to drive the state into a terminal region, a local sta-
bilizing controller is employed therein, leading to a dual mode
controller [14], [21].

In this work, we introduce a stable model based fuzzy predic-
tive control based on fuzzy decision making [1], [9]. The pur-
pose of the model based fuzzy predictive controller is to drive
the system state into a terminal region where a local stabilizing
control law is invoked. In order to ensure stability some con-
ditions are enforced on the terminal region and the fuzzy goal
and constraints therein. This paper is organized as follows: the
following section introduces the basic framework of the model
based fuzzy predictive control, the stability analysis and solu-
tion procedure are introduced in Section III and in Section IV
the simulation results are presented.

1063-6706/$25.00 © 2007 IEEE
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II. MODEL-BASED FUZZY PREDICTIVE CONTROLLER: BASIC

SETTING

A. Nonlinear MPC

Consider the nonlinear discrete time system in state–space
form

(1)

where is the system state and is the
vector of inputs at sample time . The system is subject to con-
straints on states and control: and is
a closed set and a compact set, both containing the origin in
their interior and is a continuous mapping, .

The objective of the control law is to regulate the state of the
system to the origin. To this end at each sampling period the
following finite-dimensional optimization problem is solved:

(2)

Subject to

is the initial state obtained from the system at sampling
period is the prediction subscript, are
the state predictions, is the prediction horizon. The stage cost

and the terminal cost are given
continuous functions. The stage cost that is most often used in
classical MBPC is of the form

where and are weighting matrices. A constraint on the final
state may be added

(3)

The solution of this problem gives an optimal sequence of
controls

(4)

and an optimal trajectory

(5)

Only the first element of the optimal control sequence is
applied to the plant.

Constraint (3) and the terminal cost are
stability constraints added to enforce stability. is a neigh-
borhood of the origin such that therein exists a stabilizing local
controller and usually approximates the infinite
horizon cost function and is chosen as a local Lyapunov func-
tion for the stabilized system under [2], [13], [14].

However, it is an accepted fact that the problem of classical
nonlinear MBPC may lead to infeasibility [21]. Moreover from
an operator point of view, the above objective function and con-
straints may be seen as too restrictive. It would be interesting
to find a way for softening the constraints and/or introducing a
degree of subjectivity in the specification of the goals and con-
straints. This has been the main motivation behind the introduc-
tion of the concepts of fuzzy decision making in MBPC [10],
[23], [25] which we describe here.

B. Decision Making in a Fuzzy Environment

In this paragraph, we introduce briefly the concept of deci-
sion making in a fuzzy environment used to define the model
based fuzzy predictive control. The main concepts of the deci-
sion making in a fuzzy environment are the fuzzy goal in ,
a fuzzy constraint in and a fuzzy decision in .
A fuzzy decision is realized by the confluence of the fuzzy goal
and fuzzy constraint [1]

(6)

where denotes the aggregation operator which can be the min
operator, algebraic product or any suitable triangular norm.

More generally, if there are fuzzy goals and
fuzzy constraints the resulting decision is the inter-
section of the goals and constraints [1]:

(7)

An optimal non fuzzy decision may be obtained using the max
operator [1]:

for (8)

This means that is a maximizing decision that is a
decision where the confluence of the fuzzy goal and the fuzzy
constraints is at its maximum. As noted in [1] this is a sensible
choice in many realistic problems.

C. Model-Based Fuzzy Predictive Control

We consider a deterministic system under control described
by (1). In order to introduce the objective function related to
the fuzzy predictive control we need to define the fuzzy goal
and constraints. Fuzzy constraints are imposed on the future se-
quence of control variables and fuzzy
goals are imposed on the predicted states .
Imposing fuzzy constraints on the control signal is a compro-
mise between the no constraints case which may not be realistic
and the tight, hard constraints which could yield a bang bang
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Fig. 1. Membership function for fuzzy constraints and fuzzy goal.

control [7]. In the particular case where the constraints are limits
on the control signal

(9)

the fuzzy constraints can be regarded as a softening
or fuzzification of these hard limitations. On the other hand,
the fuzzy goal is a compromise between accuracy and settling
time. The fuzzy goal may be given by a sentence “the state error
should be small,” while the fuzzy constraint could be “the con-
trol variable should not be substantially larger than and
smaller than ” [8], [23]. An example of a membership func-
tion associated with this fuzzy constraint is shown in Fig. 1. It
takes its maximum value in a given interval and is zero
outside the interval which corresponds to and .
The membership function of the fuzzy goal could have the same
shape but the range of the maximum value should be narrower
for accuracy, the extreme case would be a triangular member-
ship function, where the maximum membership corresponds to
zero error.

We will suppose that at each prediction time , the
control variable is subject to a fuzzy constraint
characterized by a membership function and
the state variable is subject to a fuzzy goal char-
acterized by a membership function . Given the
state obtained at sampling time and with the definitions
(7) and (8) introduced previously, the performance index for the
fuzzy predictive control is defined as

(10)

or more explicitly

(11)

Note that

(12)

We are thus led to seek an optimal sequence such that

(13)

subject to .
Moreover, we impose a terminal constraint on the final state

and we assume that there exists a local stabil-
ising control law in such that the following conditions
are satisfied:

1) for all ;
2) is closed and ;
3) ;
4) and

and

The first three conditions are usual in nonlinear MBPC [14]
while the fourth imposes that inside the terminal region, the in-
curred cost is

(14)

and outside

(15)

These two conditions are quite natural since the objective of
the fuzzy predictive control is to steer the system state into the
terminal region. Indeed, once in , this ultimate objective is
fulfilled and the confluence of the fuzzy goals and constraints
should be at its maximum, this is given by (14). However, out-
side it is not fulfilled and the confluence between fuzzy goals
and constraints should not be at its maximum. These conditions
will be used in the next section to derive the stability of the
model-based fuzzy controller.

III. STABILITY ANALYSIS AND SOLUTION PROCEDURE

A. Stability Analysis

We consider a dual mode control strategy whereby the model
predictive fuzzy control is applied to drive the system in the final
region while inside, control is switched to a local stabilizing
controller defined by conditions 1)–4).

In order to introduce the main results of stability we first note
that since the cost satisfies its
complement is and the problem
is equivalent to

(16)
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We shall use this objective in the sequel. The following theorem
provides the stability result.

Theorem: The nonlinear system (1) under dual mode model-
based fuzzy predictive control with conditions 1)–4) is asymp-
totically stable with as a domain of attraction.

Proof: Consider the optimal value of the objective at sam-
pling period

(17)

We have

(18)

and if the fuzzy constraints and fuzzy goals are defined as in
Fig. 1, inside the terminal region

(19)

Thus, is a valid candidate Lyapunov function.
In order to prove stability we have to show that the value

function decreases as the state of the system under
MBFPC changes from to , that is

(20)

where is the new optimal control sequence obtained at sam-
pling period and is the corresponding trajectory.

Now, suppose that the control sequence and predicted states
associated with the optimal cost have been deter-
mined as

The first control of the solution is applied
to the system and steers the state to the successor state

with optimal cost

(21)

We wish to determine a feasible control sequence that steers
to . Since this control sequence is fea-

sible and not optimal, its associated cost is an upper
bound on the optimal cost . This control sequence
can be readily obtained by taking the sequence without its
first element and adding one feasible control element that
steers to a state

, that is:

(22)

However, since according to assumptions 1–3

and

The corresponding state trajectory

and the associated cost

(23)

The difference between the function and
is then

(24)

or

(25)

Which can be written as

with the common term

(26)

using (14) we have

(27)

and with (15), we obtain that

(28)
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Hence

(29)

and, finally

(30)

This means that the model based fuzzy predictive control law
steers the state of the system in in finite time and since inside

, a local stabilizing control is applied, we conclude that the
closed loop is asymptotically stable.

There are a various methods for constructing the final region
and the stabilizing control law . Basically, they go

through the same steps. Te first step consists in finding a linear
control law for the system linearized around the
origin. In a second step, the region of attraction of the closed-
loop linear system is determined by solving a certain Lyapunov
equation. In the third step one looks for the largest region
inside this domain of attraction where the linear control

. This last step is cast as an optimization problem solved off
line. The main approaches are described in [2] and [13], the
difference lies in the way the linear control law is computed.
In the simulation study, we consider examples taken from the
literature and will use the method proposed therein.

On the other hand, there is no guarantee that fuzzy predic-
tive control steers the state in . In nonlinear MBPC literature
two proposals have been made for ensuring that indeed the state
enters : Choosing a quite long prediction horizon [2] or grad-
ually increasing online the prediction horizon, and solving each
time the optimisation problem, until the state enters the final re-
gion [21]. In the solution procedure proposed here and described
later, it is possible to continue iterating on the solution until the
state enters the final region.

B. Solution Procedure

The solution procedure is based on dynamic programming,
DP, and branch and bound (B&B). In order to apply the B&B
technique within DP, we need to develop a DP forward recur-
rence for the solution of the fuzzy predictive control. The model
based fuzzy predictive control problem is cast as a multistage
decision making problem. At each stage the pre-
dicted state and the control are discretized so that they both be-
long to finite sets

This yields a DP grid of stages. Given the initial state ,
the initial decisions are computed at stage as

(31)

for all and , with

Using the principle of optimality, at stage the interme-
diate decisions are computed as

(32)

for all and , with:
,

Likewise, at stage we obtain

(33)

for all and with

Repeating this procedure, we obtain the dynamic programming
forward recurrence for stage

(34)

for all and with

In order to obtain the solution of the model based fuzzy pre-
dictive control, the DP forward recurrence (34) is performed
until the prediction horizon . However, as noted above there
is no guarantee that the state eventually enters the final region
and all the trajectories starting at will not enter the final
region within the prescribed prediction horizon . On the other
hand, if there are trajectories that enter the final region within ,
some will enter sooner than others. Consequently, we define a
feasible sequence of control as a sequence
that steers the predicted state in in a final time The
associated decision is given by

(35)

with .
The optimal sequence

is such that

(36)

More specifically, when at stage , state
belongs to the final region, no more transition

is performed starting from this state and the associated sequence
of control signals is recorded as a feasible sequence.

Clearly, the choice of the prediction horizon is crucial in terms
of quality of the solution and of computational burden. One pos-
sible strategy is to start with an initial value for the prediction
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horizon if no solution is obtained within this value, recursion
(34) is continued until the first feasible solution is obtained. A
limit must however be set to the extent at which the prediction
horizon is increased.

Due to the curse of dimensionality associated with DP, the
solution procedure may be time consuming. However, it is pos-
sible to reduce considerably the search using the branch and
bound method [16]. Branch and bound is a tree search procedure
that explores gradually the set of solutions [6]. To this end, the
solution set is gradually separated into smaller subsets, each cor-
responding to a subproblem of the original problem. In a given
subproblem, some variables are given fixed values satisfying the
constraints and the remaining are free. Each time, an attempt is
made at discarding the subset under consideration from further
exploration by showing that it does not contain any optimal or
feasible solution or when an optimal solution is found in terms
of the free variables in which case, a feasible solution to the
overall problem is found. If this attempt is not successful the
current subset is further separated into smaller subsets and a
new subset is selected for consideration. In the operations re-
search jargon, the process of discarding subsets is called fath-
oming and the best feasible solution is called the incumbent [6].
The process of fathoming is based on the ability to obtain easily
computable bounds to the solution of the subproblem under con-
sideration. In a maximization problem, given an incumbent with
cost and an upper bound to the optimal solution of the
current subproblem, this latter is fathomed if .

This technique can be readily used within DP. Indeed at each
state of a given stage of the forward DP recurrence
(34), the first part of the trajectory and the associated control
sequence are already known and it remains to find the second,
future part of the trajectory and control sequence. In order to
obtain a bound on the cost of the remaining part of the trajectory,
we first note that by the principle of optimality, the cost of the
optimal trajectory starting at with the condition of passing
through the state and ending at is given by

(37)

where is the optimal cost of
the first part of the trajectory and

is the optimal cost of the second part.
Since

an upper bound on this latter cost is one and the upper bound on
the cost of the whole trajectory is simply

(38)

Clearly, we suppose here that the trajectory enters the final
region at the next stage which is the most optimistic situation.

Although these bounds are simple they can be quite efficient
[15], [22]. To complete the procedure, we need to quickly gen-
erate an incumbent whose cost is a lower bound on the optimal
one. At the very first sampling instant where there is no solu-
tion, one method to obtain the first incumbent is to maintain
the same value of control signal along the prediction horizon, if
the trajectory enters the final region the solution is recorded as

the incumbent. The incumbent is initialized to zero. The search
of the first incumbent is repeated during the DP forward recur-
rence as long as . For all next sampling instants, the
incumbent is taken as the feasible solution (22) with the associ-
ated cost given by (23) or, equivalently, (25). Given
an incumbent with cost , at each stage and for each state

of the forward DP recurrence, three tests are performed
for attempting to fathom the trajectory passing through .
Optimality test: A trajectory is fathomed if

Solution test: If a trajectory enters the final region at
with cost the trajectory is fathomed and
the associated control sequence recorded as the new incumbent,

.
Feasibility test: A trajectory is fathomed if it leads to an unstable
or oscillatory solution, here this test is performed by keeping
track of the successive maximum values of the state along the
trajectory.

Assuming that the solution set is not empty, the main points
of the solution procedure are summarized as follows.
Initialization: First sampling instant
Set .
For stage and all states .
Perform (34), if search for a feasible solution by main-
taining the last control action from to ,
if a feasible solution is obtained, it is set as the incumbent with
cost . Once the first feasible solution is found this search is
stopped.
Carry out the three fathoming tests.
If and there is no solution, extend the prediction horizon
until the first feasible solution is obtained.
Sampling instant k:
Set given by (22).
Perform (34) for stage .
Perform the three fathoming tests.
If and no solutions are obtained, extend the prediction
horizon until the first feasible solution is obtained.

IV. ILLUSTRATIVE EXAMPLES

This section presents two simulations for two nonlinear sys-
tems taken from the model predictive control literature. The ter-
minal region is taken from the respective papers. The fuzzy
goals and constraints are combined using the product operator.

A. Example 1

We consider the following nonlinear system [21]:

(39)

As in [21], the terminal region is
and the locally stabilizing control law is . The mem-
bership functions of the fuzzy constraints and fuzzy goals are
chosen so that condition (4) is satisfied, in reference to Fig. 1,
we set , for the fuzzy
goal and , for the fuzzy
constraints.
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Fig. 2. Example 1, test 1: The state.

Fig. 3. Example 1, test 1: The control signal.

We implemented the optimal dual-mode fuzzy predictive
control law with a prediction horizon . Dynamic pro-
gramming with branch and bounds was used for the solution
with a quantification step of 0.1 for both the control and state
variable. We performed the same tests as in [21].
Test 1: Effect of disturbance

First, we present a simulation, in which a disturbance is
added to the system state so that the system is described by

The simulation results are presented in Figs. 2 and 3, with the
initial state . The control signal starts at .
At the first and second sampling time, the control law is calcu-
lated by the fuzzy predictive control, at third, the state enters the
terminal region , where the local control law steers the state
asymptotically to the origin.
Test 2: Effect of model inaccuracy and disturbance

In the second simulation, we illustrate the effects of model in-
accuracies and large disturbances. The prediction model is still

Fig. 4. Example 1, test 2: The state.

Fig. 5. Example 1, test 2: The control signal.

(39), but the process is now described by

(40)

Where for all .
The simulation results are represented in Figs. 4 and 5 which
show respectively the state and the control signal. At time ,
the control law is computed by MBFPC which steers the sys-
tems into the terminal region at time . At time
when the perturbation occurs, again the control law is computed
by the fuzzy predictive control, and the state enters of the ter-
minal region , at time .

B. Example 2

This example is taken from [2], the system model is given by

(41)
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Fig. 6. Example 2: The state x .

The input is constrained to . The system is locally
asymptotically stabilized by a linear controller. The terminal re-
gion determined in [2] is such that all must satisfy
the inequality , with

For the locally linearized system, a linear locally stabilizing
state feed-back control law

with

is obtained.
Again, the membership functions of fuzzy constraints and

fuzzy goals are chosen so that condition (4) is satisfied, for all
: . Outside the terminal re-

gion, in reference to Fig. 1, we set
, for the fuzzy goal and
for the fuzzy constraints and a prediction horizon

. Dynamic programming with branch and bounds was
used for the solution with the same quantification as in the first
example. Two tests were carried out, in the first the initial con-
ditions was while in the
second: .

The simulation results are presented in Figs. 6–8 which show
the states , and and the control signal respectively. The
first test is shown in full and the second in dashed. During the
first thirties iterations, time s, for the first test and the first
eighties iterations, time s for the second, the control law
is calculated by the fuzzy predictive control, then state enters
inside the terminal region , the local control law then steers
the state asymptotically to the origin.

V. CONCLUSION

A stable model-based fuzzy predictive controller based on
fuzzy dynamic programming has been introduced. A dual mode

Fig. 7. Example 2: The state x .

Fig. 8. Example 2: The control signal.

strategy is proposed whereby the objective of the fuzzy predic-
tive controller is to drive the state of the system to a terminal re-
gion where a local stabilizing controller is invoked. The predic-
tion horizon is fixed and specified. The stability of the controlled
system is guaranteed under conditions on the terminal region,
the local control law and the membership functions of fuzzy
goal and constraints therein. The solution procedure is based on
a forward dynamic programming recurrence with branch and
bound.

There are many possible extensions to this scheme. One pos-
sibility is the study of predictive fuzzy control with unspecified,
implicit prediction time, where the objective will be to drive the
state into the terminal region. This case has been studied and a
solution obtained within the framework of fuzzy dynamic pro-
gramming but with the restrictive assumption of absorbing state
in the final region. Another possibility is the study of a nondual
predictive strategy, eliminating the need of applying the local
stabilizing control law in the terminal region.
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