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Fig. 2 (a) A planar two-member linkage and (b) a bond-graph of the 
associated kinematic transformations. S e e n  from the tip, this sytsem i s  
properly described a s  an admittance. 

force as the output variable, defined as a function of the 
derivative of the input velocity variable. The only difference 
between the two representations of this linear element is that 
in the strictest sense differentiation is not a physically 
realizable operation as it is the limiting case of process which 
requires knowledge of the future. However, it is often a 
perfectly reasonable operation in a model (no worse than the 
assumption of the existence of lumped-parameter elements) 
although physically unrealizable infinite power flow may be 
predicted during transients. 

However, the constitutive equation of a nonlinear dynamic 
element need not be invertible. The constitutive equation for 
any device which stores elastic energy is fundamentally 
written with force as the output variable, defined as a func- 
tion of input displacement; displacement is in turn defined as 
the integral of input velocity. The constitutive equation may 
be nonmonotonic or even discontinuous; the only restriction 
is that the potential energy integral must be definable (the 
coenergy integral need not be). Real physical elastic devices 
exist which cannot be described in the derivative causal form 
with force as the input variable and motion as the output 
variable. 

This inviolable causal contraint is not unique to energy 
storing elements. The real-world phenomenon of stiction is 
typically represented by a dissipative element with a nonin- 
vertible relation between force and velocity. A velocity may be 
imposed and a resulting force is defined but the converse is 
not true. 

When more than one degree of freedom is considered, 
kinematic relations may impose a further causal constraint. 
Consider the planar linkage shown in Fig. 2(a). Assume that 
this system may interact with its environment across an in- 
teraction port at the tip of the linkage. A bond graph of the 
linkage showing the two independent power bonds associated 
with this point is shown in Fig. 2(b). The linkage equations are 
a transformation between kinematic variables I 0,  , O2 ) and 
interaction port variables ( X I ,  X2 ) : 

For every point in I @ , ,  O2 ) there is a corresponding point in 
[ X I ,  X 2  I but the transformation is, in general, not uniquely 
invertible and there exists a two-dimensional infinity of points 

Fig. 3 (a) A planar three-member linkage and (b) a bond-graph of the 
associated kinematic transformations. S e e n  from the  tip this system is 
properly described as an admittance. 

in ( X I ,  Xz  ) for which no point in ( 81, O2 1 exists. The latter 
problem could be eliminated by suitably restricting the range 
of points in I X I ,  X2 ) , and given a knowledge of the current 
joint angles the angular displacement corresponding to an 
end-point displacement could be uniquely defined. 

However, consider the planar linkage shown ih Fig. 3(a) 
and a corresponding bond graph shown in Fig. 3 ( 4 .  The 
kinematic transformation equations are: 

X2 = L ,  sin 8, + L2 sin O2 + L3 sin O3 (4) 
Again, joint angles uniquely define end-point position but 

the converse is not true; even given a suitably restricted set of 
points in ( X I ,  X2 ) and a knowledge of the current joint 
angles, the end-point displacement does not provide sufficient 
information to determine the joint angular displacements. 

In constrast, the corresponding transformation from forces 
applied at the interaction port to the resulting torques applied 
to the links is always well defined: 

T2 = - Lz sin O2 Fl  + L2 cos O2 F2 (6)  

T3 = - L3 sin O3 Fl + L3 cos O3 F2 (7) 

In fact, examination of the five-port bond graph of Fig. 
3(b) will show that any combination of two efforts (forces or 
torques) may be impressed. Similarly, for the four-port bond 
graph of Fig. 2(b) any two efforts may be impressed. The 
kinematic transformations X = L ( 0 )  (equations (I), (2). (3) 
and (4)) are in fact part of the junction structure thrpugh 
which the various elements in a physical system interact- and 
impose a kinematic causal constraint which is related to but 
distinct from the conditions imposed by zero- and one- 

'AS an aside. it  is the fact that in bond graphs functional relations are 
represented at graph nodes which makes the equivalence of transformers, 
gyrators and junctions clear. In contrast, in linear graphs 1251 or Mason (signal 
flow) graphs 1271 the junctions are implicit in the graph struaure while 
transformers and gyrators masquerade as elements, and the equivalence is not 
clear. This is a strong reason for preferring bond-graphs over other methods for 
graphing physical dynamic systems. Paynter has pointed out some other more 
important reasons 121 1. 
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