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that is adaptively estimated every time new data arrive.
Typically, ECG complexes that originate from consecutive heartbeats

are very similar but not identical. Moreover, when recording the ECG,
the signals are corrupted to some extent by noise and artifacts. In a sim-
plified form, both the relation between consecutive ECG complexes and
the corruption of the recorded ECG can be described bymeans of a state
space model (Fig. 1) as follows:

Xkþ1 ¼ Xk þ Vk

Ykþ1 ¼ Xkþ1 þWkþ1
ð1Þ
The electrocardiogram (ECG) is widely used for diagnosis of heart
diseases. Good quality ECG signals are utilized by physicians for inter-
pretation and identification of physiological and pathological phenome-
na. Several techniques have been proposed to extract the ECG
components contaminated with the background noise and allow the
measurement of subtle features in the ECG signal. One of the common
approaches is the adaptive filter architecture, which has been used for
the noise cancelation of ECGs containing baseline wander, electromyo-
gram (EMG) noise, and motion artifacts [1]. Statistical techniques such
as principal component analysis [2], independent component analysis
[3], and neural networks [4] have also been used to extract a noise
free signal from the noisy ECG. Over the past several years, methods
based on the wavelet transform (WT) have also received a great deal
of attention for denoising of signals that possess multi-resolution char-
acteristics such as the ECG [5]. Some of the noise and artifact problems
that arise during these recordings can be suppressed by simple,
frequency-selective filtering. However, due to the partial overlap of sig-
nal and noise bandwidths, this frequency-selective filtering can only
help to some extent.

We developed a filter that can do exactly this. This filter is derived
using a Bayesian framework and constitutes a Kalman filter in which
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the dynamic variations in the ECG are modeled by a covariance matrix

where, Xk denotes the ECG complex for heartbeat k and Yk denotes the
recorded signal. The evolution of the ECG complexes between heart-
beats is modeled by the stochastic component Vk (also referred to as
the process noise). The measurement noise, i.e., corrupting signals,
such as electromyogram signals, movement artifacts, and interferences
from the power line grid, is represented by the vector Wk.

In the state-space description of Eq. (1), the problem of enhancing
the SNR of the ECG is reduced to the problem of sequentially estimating
themodel parameter vector Xk and the noise covarianceΣk andΛk. Here,
sequential estimation refers to the estimation of the relevant parame-
ters based on the earlier estimate and all newly arriving data.

With the adopted dipolemodel of the heart's electrical activity, it can
be argued that dynamical variations in the ECG morphology are
reflected in all recorded ECG signals Y. Analogously, measurement
noise W that does not exhibit the same spatial correlation as the ECG
is suppressed in the linear combination of ECG signals. As a result, the
measurement noise vector Wi for ith ECG signal can be approximated
by Ŵi using the estimate Ŷ i ¼ Y−iγ as follows:

Ŵi ¼ Yi−Ŷ i: ð2Þ

This also yields an estimation for measurement noise covariance Σ.
The uncertainty in the state-space model of Eq. (1) and in the asso-

ciated noise parameters suggests the use of a probabilistic approach
for solving the parameter estimation problem [6]. In addition, the
sequential nature of the estimation problem motivates the use of a
Bayesian framework inwhich theprior probability distribution assigned
to the unknown parameters is updated every time new data arrive.
Here, again, sequential refers to the estimation of model parameters
based on earlier parameter estimates and on newly arriving data.
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Fig. 1. Illustration of the state–space model that describes the evolution of the ECG over
time.

2 M.H. Moradi et al. / International Journal of Cardiology xxx (2014) xxx–xxx
Using Bayes' rule, the solution to the parameter estimation problem can
be described as follows:

P Xkþ1jYKþ1;Λk;Σk

� � ¼ P Ykþ1jXKþ1;Λk;Σk

� �
P Ykþ1jYK ;Λk;Σk

� � P Xkþ1jYK ;Λk;Σk

� �
: ð3Þ

The conditional probability density function p(xk+ 1|yk+ 1) is re-
ferred to as the posterior. Since it contains all statistical information
about Xk + 1, this posterior constitutes the complete solution to the pa-
rameter estimation problem [6].
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Fig. 2. Illustration of the algorithmic implementation of adaptive Kalman.
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Fig. 3. Examples of normal sinus rhythm signals (16,265 m) with SNR = 0 dB before filtering
filtering.
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By assuming the prior and likelihood to be Gaussian, the posterior
and evidence are necessarily Gaussian as well. The use of Gaussian ap-
proximations is dictated by the fact that they render the posterior de-
scribable by a limited number of parameters and, as such, enable the
estimation of the ECG in a maximum a posteriori (MAP) fashion [7].

Using Bayesian relation in Eq. (3) and functions obtained as above
and based on assumptions in the state space model, posterior probabil-
ity is determined as below:

N Xkþ1jX̂kþ1;Ψkþ1

� �
¼

N Ykþ1jXkþ1;Σkþ1
� � � N Xkþ1jX̂k;Ψk þ Λk

� �

N Ykþ1jX̂k;Ψk þ Λk þ Σkþ1

� � ð4Þ

in which N(x|y,z) is Gaussian probability distribution for Xwith mean Y
and covariance Z. The MAP solution obtained from the point where the
gradient of the pdf posteriori is zero:

X̂MAP mð Þ ¼ arg zero
∂ log p x mð Þjy mð Þð Þ

∂x mð Þ
� �

¼ 0: ð5Þ

From Eqs. (4) and (5) the solution is given by:

X̂kþ1 ¼ X̂k þ Kkþ1 Ykþ1−X̂k

� �
ð6Þ

where Kk + 1 is the Kalman gain given by:

Kkþ1 ¼ Ψk þ Λk

Σkþ1 þΨk þ Λk
: ð7Þ

VarianceΨk + 1 can be sequentially updated according to

Ψkþ1 ¼ Ψk þ Λk−Kkþ1 Ψk þ Λkð Þ: ð8Þ

Eqs. (6)–(8) constitute the adaptive Kalman filter.
Again using Bayes' rule and defining the model residual to be

ρkþ1 ¼ Ykþ1−E Ykþ1jYk;Λk;Σk

� 	
¼ Ykþ1−X̂k

ð9Þ
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(top graph), and after filtering with the developed adaptive Kalman filter (bottom graph)
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Fig. 4. Examples of normal sinus rhythm signals (16,265m) with SNR= 6 dB before filtering (top graph), after preprocessing using averaging (center) and after filtering with the devel-
oped adaptive Kalman filter (bottom graph) filtering.
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it can easily be calculated that covariance of process noise could be esti-
mated as follows:

λ̂2
k ¼ 1

T
ρT
kþ1ρkþ1−ψ2

k−σ2
kþ1: ð10Þ

The adaptive Kalman filter algorithm is illustrated schematically in
Fig. 2.

The proposed algorithmwas implemented inMATLAB on a CoreDuo
computer at 2.6 GHz with 1 Gb RAM. To study the performance of the
proposed method several standard data sets from PhysioBank [8]
were used, including the MIT-BIH normal sinus rhythm database. For
evaluating the performance of the proposed method, we have used
the SNR improvement measure given by:

imp dB½ � ¼ SNRoutput−SNRinput ¼

10 log

X
i
Xn ið Þ−X ið Þj j2X

i

Xd ið Þ−X ið Þj j2

2
664

3
775 ð11Þ

where, X denotes the clean ECG, Xd is the denoised signal, and Xn repre-
sents the noisy ECG. According to adaptive Kalman filter output signals
in Fig. 3, it is obvious that the Kalman filter has a good performance to
eliminate noises from the signal, so that the signal to noise ratio (SNR)
improves up to 7 dB. However for better enhancement it is necessary
to reduce the noises of signals by averaging and then applying the adap-
tive Kalman filter.

If the signal and noise have a frequency overlap (wideband noises),
the use of digital filters leads to signal and noise elimination together,
and in this situation using an averaging approach is very efficient and
increases signal to noise ratio (SNR).
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As shown in Fig. 4 signal to noise ratio (SNR) increases up to 15.85dB
and Kalman filter output improves the signal to noise ratio (SNR) to
21.49 dB by applying averaging approach.

In the derivation of the adaptive Kalman filter, several assumptions
are made for mathematical simplicity, but which might limit the appli-
cability of the filter. For one, the ECG signal is assumed to be normally
distributed, or equivalently, both the process and measurement noise
are assumed to be Gaussian. For better enhancement before applying
the Kalman filter, the averaging approach has been used. One of the
most significant limitations in this approach is that, there is frequency
filtering in the final results if time synchronizing is not precise. Also, in
the averaging approach, the noise of signals is considered a Gaussian
noise while this assumption is not usually established for biological sig-
nals; however, since it improves the signal to noise ratio (SNR) in some
cases where the signal is very noisy and the noise has a frequency over-
lap with the original, this method is very efficient.

In this letter, a Kalman filter with adaptive noise covariance estima-
tion has been developed and evaluated on a real ECG signal to assess
whether the filter is capable of enhancing the SNR of this signal, while
at the same time preserving clinically relevantmorphological variations
in the ECG.
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